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Abstract 

We study the degenerate Garnier system which generahzes the fifth 
Painleve equation Py. We present two classes of particular solutions, 
classical transcendental and algebraic ones. Their coalescence struc- 
ture is also investigated. 



1 Introduction 

The Painleve equations Pj {J = I, . . . , VI) are derived from the theory of 
monodromy preserving deformations of hnear differential equations of the 
form 

(Py dy 
^ +Pi(^'^)^+P2(2;,t)2/ = 0, 

with singularities corresponding to a partition of four as follows (see e.g. |j2]): 





(1,1,1,1) 




(1,1,2) 




(1,3) 


L\ii 


(2,2) 


Lii 


(4) 



In this table, a partition (ri, . . . ,rfc) indicates that Lj has k singularities of 
Poincare ranks ri — 1, . . . , — 1, respectively. Thus we regard each of Pj 
( J = II, . . . , VI) as an equation corresponding to a partition of four. We note 
that the length k of the partition equals the number of constant parameters 
contained in Pj. The first Painleve equation Pi has no constant parameter 
and does not correspond to any partition. 
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The Garnier system (in variables) generalizes the sixth Painleve equa- 
tion Pyi and governes the monodromy preserving deformation of linear dif- 
ferential equation with + 3 regular singularities [2]. We also regard the 
Garnier system as corresponds to the partition (l,...,l)ofA^ + 3. 

Each of the Painleve equations Pj ( J = I, . . . , V) can be reduced from 
the sixth one through a certain limitting procedure, in parallel with the 
confluence of singularities of the linear differential equation Lj ^3]. Similarly, 
the degenerations of the Garnier system are considered jHl El 13 UHl HE]- 
Each of them is associated with a partition. We denote by G{ri, . . . ,rk; N) 
the degenerate Garnier system in N variables corresponding to a partition 
(ri,...,rfc) of iV + 3 . 

It is well known that each of Pj {J = II, ...,VI) admits two classes 
of classical solutions, hypergeometric and algebraic (or rational) ones. The 
coalescence structure of these solutions is investigated in detail [II1II2I, as 
well as the degeneration scheme of the Painleve equations. Also, the Garnier 
system G(l, . . . , 1; A^) has such classes of classical solutions HZl UHl IT^ . 
The aim of this paper is to study particular solutions of the degenerate 
Garnier system G{1, . . . , 1, 2; A^) and their coalescence structure by means of 
r-functions. 

We have in ^H] a family of r-functions for G{1, . . . ,1; N) arranged on a 
lattice. This family is determined by a certain completely integrable Pfaf- 
fian system. In Section |2l we investigate the degeneration of the Pfaffian 
system together with the degenerate limitting procedure from G{1, . . . ,1; N) 
to G{1, ...,1,2; A^); hence we obtain a family of r-functions on a lattice for 
G(l, . . . , 1, 2; A^). We have in particular (see Theorems 13. 2| ItO and I4.2|l 

Theorem 1.1. The system G{1, ...,1,2; A^) admits three types of solutions: 

(i) classical transcendental ones expressed by the hypergeometric series $£>; 

(ii) rational ones in terms of the Schur polynomials] 

(iii) algebraic ones in terms of the universal characters. 

2 Degenerate Garnier system 

In this section, we formulate the degenerate Garnier system G{1, ...,1,2; A^), 
then introduce a family of r-functions for the system. 
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2.1 Hamiltonian system and Schlesinger system 

Let {, } be the Poisson bracket defined by 

Consider the following completely integrable Hamiltonian system: 

N N 

dqj = {K,, qj] ds^, dpj = ^ {Ki,pj} dsi (j = 1, . . . , A^), (2.2) 

i=l i=l 

with polynomial Hamiltonians {i — 1, . . . , N): 



sjKi ^qi[ p + 



N \ / N ^ 

i=i / \ 3=1 



N N N 

j=2 j=2 j=2 

- siQipiiqipi - 9n+2) + {qi - 
Si{si - l)Ki = ?j + X ^^P^ (^P + ^^+3 + ^ + X ^^P^ 

N N 

- X RijqiPMjPj-^j)- X R3^1iil3Pj-^3)P3 
3=2,3^1 j=2jyi 

N N 

- Y SijPi{qiPi- ei)qj - Y Rij {qiPi - ^i)q3P3 

3='2,3¥'i 3=2,3¥=i 

+ {siPi - {si + l)qiPi} {qiPi - di) + {9N+2Si + O^j^i - l)qiPi 

+ ^ {qiPi + Pi{qiPi - Oi)qi} - {si - l)qiPi 

Si 

- Si{2qiPi - 9i)qiPi (i = 2, . . . , A^), 

(2.3) 



where 



and 



N+3 

J2 0j + 2p = 0, (2.4) 

i=2 

«„ = 2^^, S« = fl<fi^. (2.5) 

Sj Si Si Sj 



We call ()2.2|) the degenerate Gamier system and denote it by ^(1, . . . , 1, 2; A^). 
This system is regarded as a generalization of the fifth Painleve equation Py 
|14j . For = 1, this is exactly the Hamiltonian system of Py- We note 
that G{1, . . . , 1, 2; A^) is equivalent to the system given by H. Kimura [7, via 
a certain canonical transformation. 

Let Aj {j = 1, . . . , N + 2) he matrices of the dependent variables defined 

by 

■^^ - ^) ■ i^-^) 

Consider the following system of differential equations: 

N+l 

dAi = ^ [Ai , Ai] Ci log + (Ai + [ , Ai] ) log 1 1 , 

i=2 
N+2 



dA,= [A,,A,]dlog{t,-t,)+^-^^dlog-^ {j = 2,...,N + l), 
dA^^2 = J2 (i^^j^ log ^ + [A, An+2] d log t^ , 



(2.7) 



1=2 

where tN+i = 1 and tAr+2 = 0. Here we assume 

(i) trAi = ti, tTAj = 9j^Z (j =2,...,A^ + 2); 

(ii) detAj=0 {j = 1,...,N + 1), tTAiAN+2 = tieN+2] 

(iii) The matrices Aj satisfy 

We call ()2.7|) the degenerate Schlesinger system denoted by 5(1, . . . , 1, 2; A^). 
The system 5(1, ...,1,2; A^) is in fact equivalent to G(l, . . . , 1, 2; A^) via 

qiPi = ai + aN+2 - Oi on+2 t, 

QiPi = ai- tibi + iti- l)bi'^ {i = 2, . . . ,N), 

On+1 Oi 



where h^ = hi + Y.f=2 ^i^r 

Recall that both of ^(1, . . . , 1, 2; iV) and ^(l, . . . , 1, 2; A^) govern the holo- 
nomic deformation of the system of linear differential equations: 

f = A{x,t)y, A(x,t) = ^ + X;^, (2.10) 
ax ^-^ X — tj 

j=2 J 

concerning the parameter t = {ti, . . . ,1^)] see jSj- 
2.2 A family of r- functions 

Proposition 2.1 For each solution of 5(1, . . . , 1, 2; A^), the 1-form 

N 

uo = J2Hidti, (2.11) 

i=l 

is closed. Here we let 

ti titj 



Hi = -2 + 2^ — — = 2,...,yv). 



(2.12) 



Proposition 12. II allows us to define the r-function tq = ro(t) by 

d\ogTQ = ujQ, (2.13) 

up to multiplicative constants. 

Let L2 be a subset of Z^+^ defined as 

L2 = {i^ = (i^2,...,^^iv+3)eZ^+2 I = ^,^ + ... + ^^^3 ^2Z}. (2.14) 

Then S'(l, ...,1,2; A^) is invariant under the action of the Schlesinger trans- 
formations Ty {u G L2) which act on the parameters as follows (see 0): 

Tui9j) = 0, + uj (j = 2,...,N + 3). (2.15) 
We give explicitly the action of T^, on the dependent variables in Appendix 

El 

Let us define a family of r-functions by 

dlogr, = T,(cuo) (Z/GL2). (2.16) 
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Remark 2.2. A family of r-functions for 5'(1,...,1,2; N) can be identified 
with that for ^(1, . . . , 1, 2; A^) by 

N 

^ Ki dsi = T(o,.. .,0,1,0-1) (^o)- (2.17) 

i=l 

Conversely we can express a solution of S{1, ...,1,2; A^) in terms of r- 
functions as follows. By 

T^o,...,o,2) (Hi) = Hi + Dilogb^ {t = l,...,N), (2.18) 

where Di = d/dti, we obtain 

Proposition 2.3. A solution of S{1, ... ,1,2; N) is expressed by means of 
T-functions as follows: 

^ (A/^^+slogro-M, fe, = (^ = 2,...,A^), 



t/TV+S To 
dN+l = I (-Dat+i + 1)Dn+3 log To - p(p + 6'Ar+i + 6'Ar4.3) 

bN+1 = (-Dat+i + + 1) ''"''"'"'^^ , 

To 

1 



«iV+2 = ;^ < {Dn+2 - ^)Dn+3 log To - p(p + 6'Ar+2 + ^N+s] 

fN+3 I 

bN+2 = — 0N+3 — 1) ' ' ' \ 

To 

where 

N N 

dn+1 = -Y1 ^^+2 = ^1^1 + 5Z " 



(2.19) 



i=2 

N 



(2.20) 



1=2 



2.3 Coalescence structures 

As is known in the Garnier system G{1, . . . , 1; A^) is equivalent to the 
Schlesinger system, denoted by 5(1, . . . , 1; A^): 

N+2 

dAj= l^i^^j]d\og{tj-ti), (j = l,...,Ar + 2), (2.21) 

6 



with the following conditions: 

(i) detAj = 0, iiAj = ej^Z (j = 1, . . . , + 2); 

(ii) The matrices Aj satisfy 

N+2 



( n \ 

/l„:=-^^,= (; ^^,1. «.«^Z. (2.22) 

Let Li be a subset of Z^+'^ defined as 

Li = {^ = (/ii,...,/ijv+3)GZ^+' I =/ii + --- + /ijv+3 e 2Z}. (2.23) 



Then a family of r-f unctions for S'(l, . . . , 1; A^) is defined by 

N N+2 



N N+2 ^ 

dlogr^ = J2 Yl ^^T^ii^AA,-e,ej)dU (yUGLi). (2.24) 



i=l j=l,jj^i 



Here we let be the Schlesinger transformations given in [TT)] . 

The system 5(1, . . . , 1, 2; iV) is obtained from S{1, . . . , 1; A^) by the re- 
placement 

A A ^A ^'-'^^ 

eti eti 

and taking a limit e ^ 0. Then ()2.24|) is also transformed into ()2.16|) via 

r^^T, (/iGLi), (2.26) 

where 

U = (/X2, • • • , yUiV+l, yWl + /J'N+s) ^ L2. (2.27) 

3 Classical transcendental solutions 

In this section, a family of classical transcendental solutions is presented. 
This is reduced to a family of rational solutions expressed in terms of the 
Schur polynomials. 

We recall the definition of the Lauricella hypergeometric series F^. For 
each m = (mi, . . . , m^r), we let 

r = t™i...t™^, 1^1=^^ + ... + ^^. (3.1) 
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The series is defined by 

FD{a,fJi, . . . ,fJN,J,t) = —— — — 7— 1 , (3.2) 

where 

{a)k = a{a + l)...{a + k-l). (3.3) 
Via ()2.25|) and taking a hmit e ^ 0, Fd is transformed into 

$i5(a,/32,...,/3^,7;t) = ^ —- — — — 1 . (3.4) 

\~1)\m\\^)m\ ■ ■ ■ l-Ljmiv 



We note that the series ()3.4j) is a generahzation of the hypergeometric series 
$1 given by J. Horns (II4). 

It is known that S'(l, . . . , 1; A^) admits a family of solutions expressed by 
Fy). Let (Tm,n (m, n G Z>o) be functions defined as follows: 



(1) 



and 



= - n)(^^+3 - ti)"^'~+^+'"^^+'^ (3-5) 

X Fd{—9j^^3, — n,6i,. . ., 6n, —9n+i — On+s —n + l;t). 

a^^l = det fx^-'Y^-' ag) (m > 2), (3.6) 

\ / 1,7=1,. ...m 



where 



, N ^ N 

X 



t ri E - 1)^- ^ = ^ E t^iU - 1)A. (3.7) 

i=l i=l 

Theorem 3.1 (P^). lei 

^(o,...,o,m-n,m+n) = C'm^lo-™?^ (m,neZ>o), (3.8) 

m 

When p = 0, this is a family of r -functions for S{1, . . . ,1; N). 
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Via ()2.25|1 and taking a limit e — 0, each am]n is transformed into the 

(2) 

function am'n defined as follows: 

^Z = ((^N+3 + n)t,e-'^ (3.10) 
X ^oi-dN+s - 6*2, ... , 9n, -9n+i - On+3 -n + l;t), 

and 

c^Sn = det ((tiDi)-^D;-_;3 aS^l) (m > 2). (3.11) 

V / i,j=l,...,m 

Thus we obtain the following theorem. 
Theorem 3.2. Let 

T-(0,...,0,™-n,m+n) = C'Sl C^mjrx {m,n eZ>o), (3.12) 

tf/iere 

Ci2)„ = t7'"("^+i)/2e-*\ (3.13) 
When p = 0, this is a family of r-functions for 5(1, . . . , 1, 2; A^). 

Recall the definition of the Schur polynomials. For each partition A = 
(Ai, . . . , A;), the Schur polynomial is a polynomial in x = (xi, X2, ■ ■ ■) defined 
by 

S x{x) = det (px,~i+j{x)) , (3.14) 

V / t,j=l,...,l 

where p„(x) are the polynomials defined as 



k\+2k2 + ■ ■ ■+nkn=n 

In a similar manner as the r-functions given by ()3.12p are reduced 
to those expressed in terms of the Schur polynomials. 

Theorem 3.3. Let 

T(o,...,o,m-n,m+n) = 5'(„m)(a;) (m,nGZ>o), (3.16) 
where we use the notation (n™) = (n, . . . , n) and let 

N+l ^ N+l 



Xi = ti + Y, h = ^ ^ ik>2). (3.17) 

i=2 j=2 

When p = 9n+3 = 0, this is a family of r-functions for S{1, . . . ,1,2; N) . 
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4 Algebraic solutions 

In this section, we present a family of algebraic solutions expressed in terms 
of the universal characters. 

We recall the definition of the universal character introduced by K. Koike 
P, which is a generalization of the Schur polynomial. For each pair of 
partitions [A, fi] = [(Ai, . . . A^), (/^i, . . . fiv)], the universal character S[x,fj]{x, y) 
is defined as follows: 

where p„(x) is the polynomial defined by ()3.15|) . 

The system S'(l, . . . , 1; N) admits a family of solutions expressed in terms 
of the universal characters. Let 

e,=l-U (2 = 1,. ..,iV). (4.2) 

Theorem 4.1 (Ulllini). Let 

T(o,...,0,m-n,0,m+n) = 5'[„!,^!](x, y) (m, n G Z), (4.3) 

where 

Xk = T\(^N+2 + y]e,it\. yk = T\ (^N+2 + y]e,i-'\, (4.4) 



and 



[m!, t;!] = [(m, m - 1, . . . , 1), (f , - 1, . . . , 1)], 

M = |m + n - 1/2| - 1/2, v=\m-n + 1/2| - 1/2. 



(4.5) 



When 6n+i = 1/2 and 6n+3 = ~l/2, this is a family of t- functions for 
^(l,...,l;iV). 



Here we let 

N 



(ei+2m-2n+l)/2 TT / ^^ + -I- \ TT / + ^- 



1=1 i=l ^ i,j=l,i<j ^ 

(4.6) 

Via ()2.25|) and taking a limit e ^ 0, we obtain from Theorem 14.11 the 
following theorem. 
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Theorem 4.2. Let 

T{0,...,0,m-n,0,m+n) = ^m^n S[u\,v\](x, y) , (4.7) 

where 

if k ^ \ if k ^ 

= - 6^+2 -i^ti + Y. ^i^i ' y^'^kK ^^^^ + 2 ^ S 

\ i=2 J \ j=2 

(4.8) 

When 6]s[+i = 1/2 and 9^+3 = —1/2, ^/izs is a family of r -functions for 
5(1,..., 1,2; AT). 

Here we let 

AT 



-9i{9i+2m-2n+l)/2 



X 



where 



1=2 

n n 

i=2 ^ / i,j=2,i<j ^ 



t^ t I ^ 26 \ 

A^,^^^ + j\2m-2n + l + eN+2 + J2YTl^) ' ^^'^^^ 

A Schlesinger transfromations 

In this Appendix, we describe the action of the Schlesinger transformations 
for S{1, . . . , 1, 2; N) on the dependent variables. 

The group of the Schlesinger transformations {v e L2) is generated by 
the transformations 

Ti = ^(0,... ,0,1,1), 

= T(o_i,o,...,o,i), (A.l) 



(4.9) 



Tn+2 - r(o,...,o,-l,l)- 

The action of Tfe (A; = 1, . . . , A?" + 2) on the dependent variables is described 
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as follows: 



Ti (Ajv+2) — R^^ AN+2E2 + EiAn+2R^i^ — E1A1E2 + EiR^^ 

N+l ^ 



i=2 

Ti (Aj) = R^2^AjE2 + EiAjR^P - tjEiAjE 



where 



for k — 1; 



where 



-^R^^^A.R? (j = 2,...,7V+l), 



' + 1) 61 + V ^ ^ 



(A.3) 



Tfc (^1) = E^A^R^^^ + Rf^A^E2 + tfe^i^iEa + ^ R^^^A^Rf\ 
Tk = + R^'' AN+2E2 + tkEiA]\f+2E2 — E1A1E2 

+ — /£2 /ljv+2-n.i +72-^2 ) 

2fc (^fc) = EiAkR^^^ + R^2^ AkE2 — R^^E2 — R^^AiR^^^ 

W+2 



i=2,i^k 

Tk {Aj) = E^AjRf^ + Rf'^AjE2 + (^jt - tj) £;i^,-£;2 



(e^AT+s + 1) hk \-akJ 
(fc/jv+a + 1) Ofe + ■'■/ 



(A.5) 
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for A; = 2, . . . , iV + 1; 

N+l 

+ r ^2 A^i , (A.6) 

Ti (^,) = Ei^i?S^+') + i?f +'^^,^2 - tjEiAjE2 

-^Rr^^A^Rr'' (j=2,...,Ar + i), 
''J 



where 



(fc'jv+S + 1) Ol + ■•■/ 



(A.7) 



for A; = + 2. 
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